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We study Landau-Zener transitions between two states with the addition of a shared discretized
continuum. The continuum allows for population decay from the initial state as well as indirect
transitions between the two states. The probability of nonadiabatic transition in this multichannel
model preserves the standard Landau-Zener functional form except for a shift in the usual exponen-
tial factor, reflecting population transfer into the continuum. We provide an intuitive explanation
for this behavior assuming independent individual transitions between pairs of states. In contrast,
the probability of survival in the ground state at long time shows a novel, non-monotonic, func-
tional form, with an oscillatory behavior in the sweep rate at low sweep rate values. We contrast the
behavior of this open-multistate model to other generalized Landau-Zener models incorporating an
environment: the stochastic Landau-Zener model and the dissipative case, where energy dissipation
and thermal excitations affect the adiabatic region. Finally, we present evidence that the continuum
of states may act to shield the two-state Landau-Zener transition probability from the effect of noise.
PACS numbers:
I. INTRODUCTION
Systems that may be modeled by avoided level cross-
ings are ubiquitous in nature and in artificial mesoscopic
systems. In 1932, Zener [1], Landau [2], Stueckelberg
[3], and Majorana [4] separately derived an expression
describing the probability of nonadiabatic transitions at
avoided level crossings, based on semi-classical model-
ing. The result, typically referred to as the “Landau-
Zener” (LZ) formula, has been applied to describe tran-
sition probabilities in the context of chemical reactions
[5], production of cold molecules [6], quantum electrody-
namic circuits [7, 8], spin-flip in nanomagnets [9], Bose-
Einstein condensates in optical lattices [10], doublon-hole
production in a Mott insulator [11], directed quantum
transport in bipartite lattices [12], and adiabatic comput-
ing [13, 14]. Furthermore, the LZ model has been used to
design the Landau-Zener-Stueckelberg spectroscopy tech-
nique [15].
The original Landau-Zener problem is restricted to two
coupled diabatic levels with an energy gap that is lin-
early modified in time at a constant rate. Given a cer-
tain initial state, the ground diabatic state, the quanti-
ties of interest are the population probabilities for both
the ground and the excited diabatic states at infinitely
long time, far from the crossing region. This minimal LZ
situation has been revisited many times and extended
to a broader class of systems; in particular, the multi-
state Landau-Zener problem, a representative of time-
dependent Hamiltonians, has been studied analytically
and numerically in Refs. [16–28]. In such models it
has generally been argued that the probability to remain
in the initial diabatic state (in other words, to make a
nonadiabatic transition) follows a semiclassical behavior:
It decreases exponentially with the number of avoided
crossingsN , Pna ∼ e−βN , where β characterizes the tran-
sition probability at an individual crossing. This form is
valid as long as the energy of the initial state follows a
linear dependence in time [20].
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FIG. 1: Schemes of the different models studied in this work.
(a) Open-multistate Landau-Zener problem. The diabatic en-
ergies of the original LZ problem are presented by full diag-
onal lines. The dashed lines represent stationary states of a
dense continuum. Parameters correspond to the sweep ve-
locity α = 1, tunneling element ∆ = 0.1 and the band cut-
off D = 0.5. (b) Stochastic-Markov LZ model. The energy
difference between the diabatic states fluctuates around the
original LZ value. (c) Dissipative LZ model with the diabats
coupled to a (finite-temperature) harmonic heat bath.
However, in physical situations a quantum system is
never truly isolated from its environment, which can
have the effect of inducing phase decoherence, population
relaxation, energy dissipation, and bath-induced tran-
sitions. This problem has been studied extensively in
different regimes of sweeping speed, temperature, and
system-environment coupling strength, using an array
of perturbative approaches; see for example the early
study of Tsukada [29] and other comprehensive works
2[28, 30–36]. While the transition probability can be ob-
tained exactly-analytically when the diabats are coupled
to a zero-temperature bath [37], at nonzero tempera-
tures, numerically-exact simulations have been reported
in Refs. [38, 39], revealing a rich dynamics. Specifically,
it has been shown that at a nonzero temperature the
(harmonic) heat bath is responsible for transition prob-
abilities that are non-monotonic in the sweep velocity,
the result of a nontrivial competition between the driv-
ing (sweep) and bath-induced excitation and relaxation
processes [38].
Our primary objective in this paper is to study
the nonadiabatic transition probabilities of the open-
multistate LZ model, consisting of two driven states (as
in the original LZ model) coupled to a finite-band dis-
cretized continuum consisting of stationary states. The
avoided crossing between the driven states occurs directly
at the center of the finite band, as shown in Fig. 1(a).
The continuum allows for indirect transitions between
the two main diabats, mediated by population transfer
to the continuum. This setup can be used to model, for
example, multichannel reactions with intermediates and
competing products [40, 41]. In the context of mesoscopic
devices, the model can serve to describe all-electrical
population transfer processes between spatially separated
quantum dots coupled indirectly via a chain of interme-
diating dots [42, 43] or through a central metal [44]. One
could also consider quantum memory preservation in a
spin quit interacting with its environment, or a similar
system. Here environmental processes may induce in an
unintended spin flip, resulting in memory loss. Under-
standing these processes should make it possible to better
control them.
We note that the LZ model with the discretized con-
tinuum, as depicted in Fig. 1(a), is an example of a
multistate LZ model. Using numerical simulations we
show below that while the nonadiabatic transition prob-
ability Pna follows an exponential decaying form (similar
to other multistate LZ models appearing in the literature
as discussed above) the ground state survival probabil-
ity in our model displays nontrivial and non-monotonic
features, revealing indirect pathways between the two
diabats. We explain these signatures and further con-
trast them to the fingerprints of energy dissipation and
thermal excitation processes. We do so by constructing
several elementary models as shown in Fig. 1: (a) The
open-multistate LZ model, as discussed above, with the
two driven states coupled to a finite-band discrete sta-
tionary continuum. (b) The stochastic (infinite temper-
ature) model, where the isolated LZ Hamiltonian suffers
from noise, responsible for energy fluctuations [45]. (c)
The dissipative finite temperature LZ many-body model,
where the two driven states are bilinearly coupled to a
harmonic heat bath.
The paper is organized as follows. In Sec. II we de-
scribe variants of the LZ model that allow us to pinpoint
how the original LZ problem is modified by its coupling
to a stationary continuum or a heat bath. Numerical re-
sults are included in Sec. III along with detailed analysis.
In Sec. IV we discuss and conclude our observations. For
simplicity, we set ~ = 1 and kB = 1 throughout this pa-
per.
II. MODELS
A. Isolated Landau-Zener model
The original LZ model includes two diabatic states |0〉
and |1〉 with a fixed tunneling matrix element ∆. The
energies of these states are modified linearly in time, ǫ0 =
αt/2, ǫ1 = −αt/2 at a sweep rate α (dimension Energy2),
HisoLZ(t) = ǫ0(t)| 0 〉〈 0 |+ ǫ1(t)| 1 〉〈 1 |
+ ∆| 0 〉〈 1 |+∆| 1 〉〈 0 |. (1)
Since the two states are isolated (iso) from an environ-
ment, we refer to this as the “closed LZ model.” At large
negative time, before approaching the avoided crossing,
the system is prepared in the ground state correspond-
ing to | 0 〉. We define the “survival probability” Ps as
the probability for the system to end up at long time in
the ground state (thus cross diabats). Meanwhile Pna
describes the probability to stay on the same state |0〉,
thus to make a nonadiabatic transition. In terms of the
time evolution operator U∞ = T exp[−i
∫∞
−∞
HisoLZ(τ)dτ ],
where T is the time ordering operator, these quantities
are defined as
Ps ≡ P0→1 = |〈1|U∞|0〉|2,
Pna ≡ P0→0 ≡ |〈0|U∞|0〉|2. (2)
These probabilities add to unity in the closed LZ model.
The nonadiabatic transition probability is given by
P isona = exp(−2π∆2/α). (3)
This exact expression can be derived based on the solu-
tion of the Weber equation [1], or by two different meth-
ods [46, 47] that rely on a direct contour integration in
the complex t-plane.
B. Open-multistate Landau-Zener model
We extend the two-state Hamiltonian (1) and describe
the “open-multistate LZ model”, including a band of
parallel-stationary levels, to account for population re-
laxation and competing pathways. The multistate model
includes the original diabats, which are considered as the
system of primary interest (e.g., principal reactant and
product, the two states of a qubit, or the states of two
separated quantum dots), and a discretized continuum
with N − 1 levels numbered from 2, 3, ..., N + 1. The
3corresponding Hamiltonian is given by
HopenLZ (t) = H
iso
LZ(t) +
N+1∑
j=2
ǫj | j 〉〈 j |+
n+1∑
j=2
v0,j | 0 〉〈 j |
+
N+1∑
j=2
v1,j | 1 〉〈 j |+ h.c. (4)
The continuum energies extend from −D to D, and each
of the continuum states |j〉 couples to both diabatic levels
n = 0, 1 through the tunneling element vn,j . We assume
a constant density of states ρ = (N − 1)/2D, and define
the hybridization energy as
Γn(ǫ) = 2π
∑
j
|vn,j |2δ(ǫ− ǫj); n = 0, 1. (5)
Since we are considering a discretized continuum, the
model (4) can be viewed from different perspectives. In
the first picture the N − 1 additional states are intro-
duced to capture a true continuum to which the diabats
are coupled. While we focus here on a shared contin-
uum, facilitating indirect transfer between the levels, in
the related ”lossy LZ model” the population of the di-
abats relax to separate reservoirs. This situations has
been investigated analytically in several works by intro-
ducing an imaginary term to the diagonal elements of the
Hamiltonian, see for example Refs. [26–28]. This model
then becomes complementary to the dissipative LZ case
where energy relaxation is included [33, 37, 38]. The sec-
ond interpretation of the model is simply as a multistate
LZ model, when the states are allowed to become suf-
ficiently dense [16–24]. Indeed several of the multistate
LZ setups may be obtained as special cases of the present
model: If we set ∆ = 0, then we obtain a simplified ver-
sion of the bow-tie model [21, 22] (generalized bow-tie
model [23, 24]) when we further choose N = 1 (N = 2).
Alternately, if we nullify both ∆ and Γ1 (equivalent to
removing | 1 〉 from the model entirely) we arrive at the
Demkov-Osherov model [16]. From a different direction,
in the absence of driving (α = 0) the model can describe
population transfer between two distant quantum wells
that are separated by an intermediate level [42, 43] or by
a common reservoir [44]. In the case of a central reser-
voir it has been shown that while the system possesses
a continuum spectrum, it includes bound states in the
continuum responsible for quantum effects such as the
formation of an entangled state in the spatially separated
wells [44].
The nonadiabatic transition probability is defined here
in a similar fashion to the closed case (2). We evaluate
it numerically by propagating the initial state |Ψ(t =
−∞)〉 = |0〉 through a sequence of short time-evolution
operators
|Ψ(t+ δt)〉 = e−iHopenLZ (t)δt|Ψ(t)〉. (6)
Numerical parameters are determined following several
considerations. First, we recall that transitions in the
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FIG. 2: Nonadiabatic transition probabilities in the open-
multistate LZ model. Presented are the LZ formula from
Eq. (3) (full line), the probability obtained from simulations
with a continuum of 41 states and D = 1/2 (dashed), and
P shiftna from Eq. (14) (dotted). The open-multistate model is
studied for three coupling strength values of | 0 〉 and | 1 〉 to
the continuum, denoted by Γ0 and Γ1 respectively.
closed system are characterized by the time scale τtr ∼
2pi
∆ . In the open-system model two additional relevant
timescales are identified as 2piΓ0 and
2pi
Γ1
. As such, the sim-
ulation timestep δt must satisfy
1/δt≫ max{∆,Γ0,Γ1}. (7)
Another consideration involves the initial t− and final
t+ simulation times. These times should be taken long
enough so that the initial state is prepared (and the final
state is reached) far away from the crossing point,
|t±| ≫ max
{
∆
α
,
Γ0 +D
α
,
Γ1 +D
α
}
. (8)
Our main objective here is to understand the dynam-
ics under the Hamiltonian (4) by identifying signatures
of population relaxation and indirect transfer in the LZ
transition rate. To achieve this goal we now present other
related-complementary models, which allow for different
effects, energy dissipation and thermal excitation.
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FIG. 3: Survival probability in the open-multistate LZ model
(full) compared to the isolated case (dashed). Parameters are
the same as in Fig. 2. In panel (d) we mark the five regions
described in the text.
C. Stochastic and Dissipative LZ models
Nonadiabatic transitions under diagonal energy fluctu-
ations are described with the stochastic model [45],
HstoLZ(t) = H
iso
LZ(t) + ξ(t) (|0〉〈0| − |1〉〈1|) . (9)
The fluctuation energy ξ(t) is a Gaussian stochastic ran-
dom process with a vanishing mean value 〈ξ(t)〉 = 0. For
simplicity, we assume a colored noise with the Ornstein-
Uhlenbeck correlation function [48]
〈ξ(t)ξ(t′)〉 = κ
2
2τc
e−|t−t
′|/τc τc→0−−−→ κ2δ(t− t′). (10)
Here τc characterizes the memory time of the noise.
When this time is short, κ2τc ≪ 1 and τc ≪ τtr, with
τtr as the characteristic LZ transition time, the corre-
lation function can be approximated by the white-noise
form. We simulate the dynamics under (9) by generating
the process ξ(t), evolving the dynamics as in Eq. (6),
and averaging the transition probabilities over a large
ensemble for the noise. Alternatively, one could obtain
the transition probabilities by using the time-dependent
Schro¨dinger-Langevin equation, solving the two coupled
stochastic differential equations [28].
The non-interacting model (9) has been devised to ac-
count for environmental fluctuations in the LZ behav-
ior. It greatly simplifies the complex physical situation
of level crossing in condensed phases, on surfaces or in
solution. Meanwhile, to include genuine many-body ef-
fects we go back to the original model and extend it in
the form of a spin-boson type model,
HdissLZ (t) = H
iso
LZ(t) +
∑
q
ωqb
†
qbq
+
∑
q
λq
(
b†q + bq
)
(|0〉〈0| − |1〉〈1|) . (11)
The bath is composed of a collection of harmonic os-
cillators, for which b†q and bq are bosonic creation and
annihilation operators of the q harmonic mode of fre-
quency ωq. λq stands for the interaction energy be-
tween the q mode and the diabats’ polarization. The
bath is prepared at the temperature T , and its influence
on the system is characterized by the spectral function
J(ω) = 4π
∑
q λ
2
qδ(ω − ωq). For simplicity, we choose an
Ohmic spectral function
J(ω) = 2πKdωe
−ω/ωc , (12)
with a cutoff frequency ωc. The dimensionless Kondo pa-
rameter Kd quantifies the damping strength. The nona-
diabatic transition probability and the survival probabil-
ity, from the ground state |0〉 at t = −∞, are obtained
by evaluating bath-traced density matrix elements
Pna = trB
[〈0|U∞|0〉〈0|U †∞|0〉] ,
Ps = 1− Pna = trB
[〈1|U∞|0〉〈0|U †∞|1〉] , (13)
with the time evolution operator U∞ =
T exp[−i ∫∞−∞HdissLZ (τ)dτ ]. The dynamics of this
model at nonzero temperature have been the fo-
cus of comprehensive studies: It has been explored
perturbatively-analytically in Ref. [30, 31, 33, 34, 36],
and more recently in Ref. [38] using a numerically exact
technique. We do not repeat these investigations here.
Rather, we introduce the Hamiltonian (11) in order to
validate the stochastic model (9). Below we demonstrate
that the stochastic description provides results in a
qualitative agreement with the genuine many-body
model at weak coupling for a range of temperatures
T/∆ = 1− 50, see Fig. 9.
We compare dynamics under the models (9) and
(11) by noting that the reorganization energy Er =∑
q 4λ
2
q/ωq = 2ωcKd can be related to the variance
of the energy fluctuations (in the stochastic model) as
κ2/2τc ∝ ErT [29, 45]. If we now identify the memory
time of the random noise by τc = ω
−1
c , we reach the
simple-approximate relation κ ∝ √KdT , connecting the
models (9) and (11). The prefactor in this relation should
5be O
(
1
)
. In Fig. 9 we show that the choice κ = 2
√
KdT
consistently provides good agreement between the mod-
els.
The probability (13) is evaluated by time evolving the
two-state reduced density matrix using QUAPI [49], a nu-
merically exact approach developed for stationary mod-
els. The technique can be naturally extended to simu-
late time-dependent Hamiltonians; see for example Refs.
[38, 50].
III. RESULTS
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FIG. 4: Open-multistate model: Long-time probabilities to
occupy the diabats |0〉 (dashed-dotted) and |1〉 (full), or the
continuum of states (dashed).
A. Open (multistate) LZ model
We time-evolve the dynamics under the Hamiltonian
(4) from the initial state |0〉 and explore the long-time
survival probability in the ground diabatic state, and
the probability of nonadiabatic transition, as a function
of the sweep rate. Unless otherwise mentioned we use
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FIG. 5: Open-multistate model: Continuum assisted transfer
between the diabats with ∆ = 0.
∆ = 0.1. The continuum includes 41 states extending
D = ±0.5 with a constant density of states. In our sim-
ulations we set Γn as an energy independent parame-
ter, and from this hybridization energy we resolved the
individual coupling strengths using the relation vn,k =√
Γn/2πρ from Eq. (5). Similar to the notation typ-
ically used in the isolated case, here Ps = P0→1 stands
for the long-time survival probability in the lowest energy
diabat and Pna = P0→0 describes the nonadiabatic tran-
sition probability. Furthermore, we define the component
residing inside the continuum as Pc = 1− Ps − Pna.
The behavior of Pna is displayed in Fig. 2. It is no-
table that the value of Γ1 does not affect this probability.
Furthermore, the behavior of Pna as a function of sweep
rate retains the typical LZ form apart from a shift depen-
dent on Γ0. In the case of a dense continuum we confirm
numerically that this shift corresponds to multiplication
by an exponential prefactor function,
P shiftna = exp
(
−4DΓ0
α
)
P isona
= exp
(
−2π∆
2 + 4DΓ0
α
)
(14)
We can qualitatively justify this form by considering
6individual-independent pairwise LZ transitions, between
the diabat |0〉 and |1〉, and between |0〉 and each contin-
uum state. These transitions happen in succession as the
level |0〉 moves closer in energy to other levels.
More quantitatively, Eq. (14) can be justified using
simple semiclassical arguments as follows: Population re-
laxation into the continuum begins at time ti when the
adiabatic states reach the lower threshold of the con-
tinuum −D ∼ −
√
∆2 + [(αti)/2]2. This relaxation is
completed at tf , defined from D ∼
√
∆2 + [(αtf )/2]2.
Under the assumption that ∆ < D, valid in our simu-
lations, the overall time available for relaxation to the
continuum is given by τR ≡ tf − ti ∼ 4D/α. During
this time, population relaxation takes place at the rate
Γ0. Hence, taking into account the loss to the contin-
uum alone, the probability to remain in the |0〉 state is
given by the semiclassical expression ∼ e−4DΓ0/α. This
probability is further modified by the (independent) LZ
pairwise transition when |0〉 and |1〉 cross; thus overall,
the total nonadiabatic transition probability follows the
multiplicative form Eq. (14). While this behavior has
been observed before in several multistate models [16–
25], it is interesting to emphasize that it is valid not only
for well separated states.
While nonadiabatic transition probabilities follow the
simple shifted LZ form Eq. (14), the ground state sur-
vival probability shows a complex behavior due to the in-
fluence of the continuum of states as shown in Fig. 3. Our
method reproduces the expected Landau-Zener survival
probabilities Eq. (3) in the closed case (dashed curve).
When Γn 6= 0, the numerical solution takes on an en-
tirely different functional form, displaying an oscillatory
regime as a function of α with alternating maximum and
minimum probabilities.
In the isolated LZ model the solution (3) can be di-
vided into three regimes: the adiabatic regime α ≪ ∆2,
the counter, diabatic regime α≫ ∆2, and a transitionary
regime for 1 < α/∆2 < 102. The open LZ model shows
two additional characteristics at low-intermediate adia-
batic rates: an “oscillatory regime” (α/∆2 ∼ 0.1), fol-
lowed by a “strong depletion” phase α/∆2 ∼ 1. We
assign these five distinct regimes as shown in Fig. 3(d)
as (i) adiabatic, (ii) oscillatory, (iii) strong depletion, (iv)
transitionary, and (v) diabatic.
A more complete picture of the open model may be
reached by simultaneously considering the probabilities
of the system being found in | 0 〉, | 1 〉, or in the contin-
uum states {| 2 〉, . . . , |N + 1 〉}. In Fig. 4 we plot the
long-time probabilities Ps = P0→1, Pna = P0→0, and
Pc =
∑N+1
j=2 P0→j , for residing in the continuum. We
make the following observations: (A) The oscillatory be-
havior of Ps is strong when Γ1 6= 0; increasing the value of
Γ0 largely affects these features. (B) Both the oscillatory
regime and the strong depletion regime result from the
system remaining in the continuum rather than making
a further nonadiabatic transition to the other diabat for
some α values. Furthermore, we show in Fig. 5 that the
oscillatory structure is in fact preserved for ∆ = 0, even
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FIG. 6: The dynamics of the open-multistate Landau-Zener
model in the distinct regimes identified in figure 3(d): (i) adi-
abatic, (ii) oscillatory, where we follow the dynamics with a
velocity corresponding to (ii.a) a minimum in Ps or (ii.b) a
maximum, (iii) strong depletion, (iv) transitionary, and (v)
diabatic regime. Simulations were performed with ∆ = 0 and
Γ1 = Γ0 = 0.1. Plotted are the population of the two diabats,
P0(t) and P1(t) and the population of the two lowest-lying
continuum levels P2(t) and P3(t). The dotted lines identify
the times ti,f = ∓2D/α, when the adiabatic states (approxi-
mately) touch the lower and upper continuum threshold.
maintaining nearly the same values for the transition ve-
locities. (C) When Γ1 = 0, the survival probability at
low values of α increases with Γ0, which is an evidence
for the presence of cotunelling processes in the system,
see panels (a), (c) and (e) in Fig. 4. (D) The shift in
the nonadiabatic transition probabilities as described be-
neath Eq. (14) results from an increased occupation in
the continuum, rather than from an increase in probabil-
ity of finding the system in the other diabatic state.
To understand the complex behavior of the survival
probability in the different regimes we choose several
specific values of α from Fig. 5 and examine the time
evolution across the transition region in detail. This is
illustrated in figure 6 using parameter values ∆ = 0 and
Γ0 = Γ1 = 0.1. Recall as discussed above that the oscil-
latory regime occurs here independently of ∆. Inspecting
Fig. 6 we confirm that the continuum begins to partici-
pate in the dynamics, in agreement with the semiclassical
7estimate, when ǫ0 enters the continuum at ti = −2D/α.
At tf = 2D/α the diabats depart from the continuum,
and their populations begin to relax to the respective
asymptotic values. These times are marked by dotted
lines in Fig. 6.
Inspecting the behavior at very low sweep velocities
(Region i in Fig. 6) we find that the population is trans-
ferred almost entirely from | 0 〉 to the lowest-energy con-
tinuum state | 2 〉 at the beginning of the transition re-
gion. Furthermore, the oscillations in the dynamics, after
the transition, have sufficient time to damp out. At the
last stage, around the time tf the continuum level |2〉
slowly crosses the diabat |1〉 and its population is trans-
ferred entirely to the state | 1 〉. This creates a new, ∆-
independent adiabatic regime, governed by a continuum-
assisted adiabatic transition, explaining the observation
of a finite adiabatic survival probability even with ∆ = 0.
We now aim to explain the oscillatory Region ii. In
Fig. 6(ii.a) and (ii.b) we observe that the time evolution
of the continuum states is itself oscillatory, with a specific
frequency that is α-independent. Maxima in the asymp-
totic survival probability occur when the continuum-
interaction duration τR = 4D/α is commensurate with
the period of this frequency.
Note that the oscillations observed in Fig. 6 are not
unique to the continuum states, rather they are a charac-
teristic of the LZ transition, and are seen near the tran-
sition region of any pairwise crossing before damping out
to the asymptotic limit. In the closed LZ model these os-
cillations decrease both in period and amplitude as they
are damped to a constant value. In addition, their fre-
quency is dependent on the coupling constant ∆. The de-
crease in period is not observed in the oscillatory regime
in the present case as τR is sufficiently short, such that
the period damping is insignificant. Note that at these
low sweep velocities significant population is transferred
to the lowest energy states of the continuum, resulting
in a very low transfer of population to higher continuum
states in subsequent crossings. This explains the simi-
lar behavior of the model either with or without ∆, as
demonstrated in the comparison between Fig. 4 and Fig.
5.
Next, we explain the depletion region (iii) when
α/∆2 ∼ 1. For such velocities the continuum levels ap-
proach their stationary-asymptotic limit during τR, as in
the usual two-state LZ dynamics. For even higher ve-
locities α/∆2 > 1, all continuum states gain population,
albeit to a very small extent, thus the survival probabil-
ity approaches (region iv) and then recovers (region v)
the standard LZ curve.
B. Stochastic and dissipative LZ models
In this section we explore principal signatures of energy
dissipation and thermal excitations in the LZ transition
rate and show that these characteristics can be separated
from the effect of competing channels as described in Sec.
III A.
We simulate the LZ model with Markovian-Gaussian
energy fluctuations, Eq. (9), and display these results
in Fig. 7. We use ∆ = 0.1 and apply the noise only
when the diabats satisfy the condition |ǫ0(t)−ǫ1(t)| < ωc
with ωc = 1. The characteristic transition time is longer
than the noise decorrelation time, τtr ∼ 2π/∆ ≫ τc,
τc = ω
−1
c ∼ 1. Further, since we only work in the weak
coupling limit, κ2τc ≪ 1, we can perform our simulations
using a Markovian (delta function) correlation function.
The behavior observed in Fig. 7 is in agreement with
Kayanuma’s results [45], displaying a nonmonotonic be-
havior with an optimal velocity for survival in the low κ
limit, while reducing to the LZ formula (scaled by a fac-
tor of 12 ) when κ is made larger. Note that Pna = 1−Ps
for the stochastic model, since population leakage is not
allowed.
Fig. 8 shows histograms of Ps at different sweep rates,
and for small (κ = 0.01) and large (κ = 0.2) noise val-
ues, based on 2000 stochastic realizations. As expected,
in the diabatic (high velocity) regime weak and strong
noise processes lead to similar results for the probabil-
ity distribution of the survival probability. However, at
intermediate-to-small sweep rates (α/∆2 < 1) we find
marked deviations: For large κ the distribution seems
uniform in the range [0, 1], trivially providing the mean
Ps(α = 10
−4) ∼ 0.5. In contrast, at small κ the distribu-
tion seems to follow an exponential form.
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FIG. 7: Stochastic LZ model: Probability for survival
Ps, to stay on the ground state at long time, κ =
0.01, 0.02, 0.03, 0.05, 0.1, 0.2 top to bottom. The dashed line
stands for the closed model, κ = 0. In all cases ∆ = 0.1.
The stochastic model emulates the effect of an envi-
ronment within a fluctuating field, and one should ques-
tion whether this type of modeling is (at least) qualita-
tively correct. This issue is addressed in Fig. 9, in which
the LZ dynamics of the dissipative model are studied
numerically-exactly using the QUAPI technique [49], as
explained in Ref. [38]. We used a large cutoff ωc = 20∆,
a small Kondo parameter Kd = 0.002 − 0.005 and a
range of intermediate-high temperatures T/∆ = 1 − 50.
QUAPI simulations are aligned with the stochastic model
(9) by employing the relation κ = 2
√
KdT , see Sec. II C.
This translates to noise amplitudes extending the range
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FIG. 8: Stochastic LZ model: Histogram of the survival Ps
probability, to stay on the ground state at long time, κ = 0.01
(left panels) and κ = 0.2 (right panels), with α = 5 × 10−4,
0.04 and 1, top to bottom. In all cases ∆ = 0.1.
κ = 0.07−1. We display our results in Fig. 9 in the same
format as in Ref. [38], to allow for a quick comparison.
We find that the peak in the survival probability with ve-
locity is correctly captured (position, height) within the
stochastic model for high-to-intermediate temperatures
in the T/∆ = 1 − 50 range. At small sweep velocities
α/∆2 < 0.1 marked deviations appear: Stochastic simu-
lations approach the probability Ps = 1/2, representing
an infinite-temperature bath, while the QUAPI method
indicates that the two levels adjust their population to
the thermal distribution as dictated by the temperature
and the instantaneous energy gap. For higher velocities,
α/∆2 > 0.1, relaxation with respect to the instantaneous
gap is not reached, and the effect of the temperature and
the coupling strength can be apparently captured within
a single parameter κ, characterizing energy fluctuations.
It is interesting to note that the two techniques
(QUAPI and stochastic simulations) converge in counter
manners. QUAPI is easy to converge at high tempera-
tures when the bath decorrelation time is short [49]. In
contrast, at high temperatures the noise processes suffers
from a high variance, κ2 ∝ T , thus stochastic simulations
necessitate significant averaging.
C. Multistate-stochastic model
We have learned in Sections III A and III B that pop-
ulation decay from the diabats to other states and en-
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FIG. 9: LZ survival probability in the stochastic model (full)
and the dissipative case for T/∆ = 0.7, 2, 4, 10, 25, 50 (top-to-
bottom, ◦). The dashed line stands for the LZ formula (3). (a)
Kondo parameterKd = 0.002, (b)Kd = 0.005. Other QUAPI
parameters are ωc = 20∆ and ∆ = 0.1. In the stochastic
description the variance was prepared from the relation κ =
2
√
KdT .
ergy dissipation processes have distinct effects on the
LZ tunneling probabilities. When energy exchange with
an environment is permitted, in the form of a stochas-
tic noise, Pna acquires a finite value at low sweep rates
and a minimum value of 12 in the high κ limit, which es-
sentially eliminates the adiabatic limit, see Fig. 7 (with
Pna = 1 − Ps). In contrast, when other channels are in-
cluded Pna simply shows a positive shift in the velocity
coordinate (recall Fig. 2). More interesting is the effect
of the environment on the survival probability. Allowing
energy dissipation in the form of stochastic noise intro-
duces relatively straightforward non-monotonic behavior
at low κ values, and simply scales the LZ formula at high
κ, Fig. 7. In contrast, the introduction of a resolved con-
tinuum displays rich features at low-intermediate sweep
velocities, as in Fig. 3. It is essential to probe whether
these fine details would survive when interactions with a
dissipative environment are in effect.
We address this issue by adjoining to the open-
multistate model Eq. (4) a stochastic noise term affecting
the energies of the diabats, as in Eq. (9); see the scheme
in Fig. 10(a). Results are displayed in Fig. 10(b)-(c) for
κ = 0.03. This value could correspond to Kd = 0.001 and
T = 0.25 in the genuine many-body model. For such pa-
rameters stochastic simulations are expected to be phys-
ically meaningful beyond the strict adiabatic limit, once
α/∆2 > 0.1, see Fig. 9.
We find that the nonadiabatic transition probability in
the open system is entirely shielded from the application
of the noise, and it only displays the shift characteristic
to the effect of the continuum on the original LZ behavior
as in Eq. (14). The survival probability is susceptible to
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FIG. 10: (a) Scheme of the open-stochastic LZ model. (b)
Nonadiabatic transition probability P0→0 and (c) Survival
probability P0→1 for the isolated LZ model [Eq. (1), full],
open-multistate model [Eq. (4), ◦], stochastic LZ model [Eq.
(9), ⋄], and the open-stochastic case (dotted). Parameters are
∆ = 0.1, Γ0 = Γ1 = 0.1, D = ±0.5 and κ = 0.03.
the noise in the adiabatic regime leading to some loss, but
the oscillations at low sweep rates and other open-system
features are all excellently protected from the noise in
comparison to the case without the continuum.
IV. CONCLUSIONS
Nonadiabatic level crossings are affected by the pres-
ence of other channels, discrete or dense, and by en-
ergy dissipation and thermal excitation processes induced
by the surrounding environment. When inspecting the
ground state survival probability and the nonadiabatic
transition probability and noting deviations from Eq.
(3), can we pinpoint the physical mechanism responsi-
ble for these deviations?
To address this problem we have focused in this paper
on the open-multistate LZ model of Fig. 1(a) including
two diabats and a shared discretized continuum. Using
numerical simulations, we have developed a simple ana-
lytic expression for the probability of nonadiabatic tran-
sition Eq. (14), which is supported by semiclassical con-
siderations of the relaxation time to the continuum. This
expression preserves the functional form of the closed LZ
formula while simply applying a shift along the sweep ve-
locity coordinate. In contrast, the ground state survival
probability at long time manifests an entirely different
non-monotonic functional form in the presence of a con-
tinuum, with several features that are not present in the
original LZ model. The most striking of these features
is the presence of an oscillatory regime at low sweep ve-
locities and the onset of a novel continuum-facilitated
adiabatic regime. We have explained these features by
referring to the dynamics of the original closed LZ prob-
lem and by considering the individual transitions between
the various states as quasi-independent. Specifically, a
continuum-facilitated adiabatic regime replaces the orig-
inal ∆-dependent regime, and operates through a differ-
ent mechanism: The probability is transferred from the
initial diabatic state to the continuum, and then back to
the other diabatic state as illustrated in Fig. 6(i). Mean-
while, the oscillatory regime has been explained with re-
spect to the commensurability of the relaxation time and
the period of the oscillations observed in the continuum
occupation probabilities near the transition time.
We have complemented the study of the multistate
model by considering two other environment-affected LZ
models: the stochastic LZ model in which the energy
of the diabats fluctuates around the original value, and
a more fundamental model in which the diabats couple
to a harmonic environment at finite temperature. These
models allow for energy exchange processes, reflected by
a maxima in the survival probability around α/∆2 ∼ 1,
and a modification to the deep adiabatic limit, to ap-
proach a thermal distribution ratio. Realizations are an-
ticipated in studies of reactions on or close to surfaces
[40, 41], in the field of LZ interferometry, a sensitive tool
that can decipher the details of the environment affecting
a double-quantum dot system [51], and in other adiabatic
devices, where gated quantum dots may indirectly couple
[42–44], to facilitate population transfer.
In conclusion, in order to identify factors affecting
transitions at avoided level crossings one should review
both the nonadiabatic transition probability and the sur-
vival probability, as they may reveal distinctive features
when multichannels are involved. We have also provided
numerical evidence that the presence of a continuum may
act to shield the nonadiabatic transition probability from
the effect of a Gaussian noise, leaving only a definite, pre-
dictable shift. This may provide a fertile ground for the
development of novel shielding techniques in quantum
adiabatic computing [13, 14].
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